Bernoulli numbers are named after the great Swiss mathematician Jacob Bernoulli(1654-1705) who used these numbers in the power-sum problem. The power-sum problem is to find a formula for the sum of the r-th powers of the first n natural numbers for positive integer exponents r.
σ r (n) = 1 r + 2 r + . . . + n r
For small values of r expressions for σ r (n) are well known. For example
σ 2 (n) = n(n+1)(2n+1) 6
(3)
We will not follow Bernoulli's original method. We will use a shortcut involving the differentiation operator D. To simplify the presentation we will consider the sum of the r-th powers till n − 1.
S r (n) = 1 r + 2 r + . . . + (n − 1)
S r (n) satisfies the difference equation
with initial condition S r (0) = 0
It is easy to derive an expression for S r (n) for the first few values of r.
From this small list we observe that the polynomial S r (n) seems have the following interesting properties.
• The leading term of S r (n) is
• S r (n) has factors n, (n − 1). When r is even, (2n − 1) is also a factor.
Operator-based Solution: In the past we have discussed how the Taylor series
may be written as
where D is the differentiation operator. We write S r (n + 1) − S r (n) = n r as
where the operator D means differentiation with respect to n. A formal solution is
where C is a constant of integration to be determined from S r (0) = 0. Note that the D −1 factor was separated so that
only contains positive powers of D. Now all that is needed is a power series expansion for
in powers of D.
Definition:
The numbers B k , k = 0, 1, 2, . . . are known as Bernoulli numbers. Many problems in analysis can be solved using Bernoulli numbers. Since z/(e z − 1) has simple poles at z = ±2πni, n = 1, 2, . . ., the expansion here converges for |z| < 2π. Properties: By letting z → 0 in the definition we see that
Next we see that
is an even function of z. So in its power series expansion about z = 0 the odd order coefficients are zero. So
. . are zero. This means that
A recurrence formula for the computation of the Bernoulli numbers will now be given.
On the left hand side there is the product of two power series. The first is from the definition of the Bernoulli numbers, and the second is the power series for the exponential function. We recall the rule for multiplying two power series. If
Thus applying this rule to equation (22) we get
We compare coefficients of z n on both sides for n > 1 to obtain
(Since B 0 and B 1 are already known we only care about n > 1.)
This relation can be symbolically written as
where (1 + B) n is to be expanded just like a binomial expansion except that instead of taking superscripts to get powers such as B k we take subscripts to get the various Bernoulli numbers B k . Actually since the B n term cancels from both sides, we get a relation involving Bernoulli numbers till B n−1 . So
actually gives
In this formula nearly half the terms on the right hand side do not contribute anything since B 3 = B 5 = B 7 = . . . = 0. We show the use of (30) to compute B 2 and B 4 .
B 3 is known to be 0. What many consider to be the first computer program in the world was written to compute the Bernoulli numbers by Lady Ada Lovelace(1815-1852) for the Analytical Engine of Charles Babbage(1791-1871).
Exercise: Show that
What is S 10 (n)? Compute S 10 (1000).
Expansions of some functions: From (16) and the even function of z in (18) it is clear that
Substituting 2z for z we get
Substituting iz for z we get
Now
But by (36)
Comparing coefficients of z 2n for n = 1, 2, . . . in (45) and (44) 
Since for any natural number n, ζ(2n) is positive, (46) shows that B 2n has the same sign as (−1) n−1 for positive n. In other words successive even index Bernoulli numbers alternate in sign starting with B 2 . (There is no change in sign from B 0 = 1 to B 2 = 1/6.)
